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7 DOF Vehicle Model for Understanding Vehicle Fluctuation

Copyright © 2003 SAE International

ABSTRACT

This paper concerns an introduction on how to lead the 7
degrees of freedom (7DOF) model for understanding the
vehicle-fluctuation during straight running. Despite the
steering wheel being fixed at on-center by anchor rod
connected to the floor, vehicle run with a very slow
lateral fluctuation, of which amplitude is small but
becomes maximum at a certain speed zone, was
observed by a vehicle test on a flat road of the proving
ground. For understanding this phenomenon, | provided
the motion equation of the 7DOF model. By analysis
using the motion equation, the existence of a speed zone
where the amplitude becomes maximum is confirmed.
This appears when the rear compliance steer is the
proverse compliance steer and disappears by changing it
to the adverse compliance steer. Where, the
adverse/proverse  compliance steer mean the
characteristics of compliance steer that
increase/decrease the side-slip angle versus the vector
direction of the vehicle".

INTRODUCTION

| have explained the existence of fluctuation during
straight running caused by the compliance of
steering/suspension system in SAE 2001-01-3433" and
confirmed the existence of a very slow yaw-peak of
which frequency changes with vehicle speed by a vehicle
test conforming to ISO/TR8726 in IMeCE2001/DE-
23259”. The slow yawing coming from the angular
velocity change of steering and front suspension was
found by an eigen vector analysis using the 7DOF model
analysis. This paper describes the leading process of the
7DOF model equation whose description had been
abridged because of the paper space limitation, and the
existence of the speed zone where amplitude becomes
maximum that appears when the rear compliance steer
is the proverse compliance steer and disappears by
changing it to the adverse compliance steer.

During Straight Running

Fujio Momiyama
Horikiri, Inc.

REVIEW OF SAE 2000-01-3433 &
IMECE2001/DE-23259

A very low frequency vehicle fluctuation of which
amplitude becomes maximum at 60 or 80 km/h is
confirmed as shown in Fig.1". The test was done by a
large sized bus fixing the steering wheel on center with
anchor rod for avoiding the influence of steering wheel
input. Fig.2® shows the yaw-gain tested in conformance
with ISO/TR8726. The heave (low peak) is observed at
the frequency zone from 0.1 to 0.3Hz. This low
frequency corresponds to that of Fig.1. In order to
understand this low frequency and its speed-
dependence characteristics, | provided the 7DOF vehicle
model in considering the lateral and yawing motions of
the sprung mass, front un-sprung mass, rear un-sprung
mass and compliance at steering link, front suspension
links and rear suspension links as shown in Fig.3?
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Fig.1 Vehicle fluctuation during straight running
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Fig.2 Heave/Gain-Peek at the frequency zone
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Fig.3 Vehicle Model

MOTION EQUATION OF 7DOF MODEL

In Fig.3, the x-y is the coordinate of the sprung mass, the
mass of which is M and the inertia is /, moving at the

speed V with the side slip angle g, and yawing velocity ¢ .

The x,-y, is the coordinate of the front un-sprung mass,
the mass of which is M. and the inertia is /., deviating y.
and twisting & to x-axis caused by compliance

spring/damping elements, K./D,, and K_/D,, which exist
in the suspension linkage connecting to the sprung
mass,M.. The x,-y, is the coordinate of the steering
system mass, the mass of which is Ms and the inertia is
Is, connected by king-pin at P, to the x, axis, and
steered 5, by the steering link connected to the sprung

mass via compliance spring/damping element, Ks/Ds.
The x,-y, is the coordinate of the rear un-sprung mass,
the mass of which is M, and the inertia is /., deviating y,
and twisting §.; to x-axis caused by compliance
spring/damping elements, K. /D,, and K_/D,, which exist
in the suspension linkage connecting to the sprung
mass, M.

Ms/MR is moving at the speed Vs/VR with the side slip
angle, Br/ By -

The lateral and rotational motion equations of sprung-
mass are written as follows;

M(‘)y + Vx¢): _FyFl _Fsz _Fle _Fsz _FyST

(7-1)
M(‘)y + Vx¢)+F}*F1 + Fsz +FyR1 + Fsz +F =0

1p= _xFvaFl _szFsz _xstsr _leva _szFsz (7-2)

1P+ xpy Fypy + Xpy Fpy + XgFygp + Xy Fpy + X o Fpy =0

The lateral and rotational motion equations of front
sprung-mass are written as follows;

M, (‘}yl +Vap; ) =+F ;€088 + F ) €OS Oy — Fi (7-3)
M, (‘}yl + Vx1¢1)_FyF1 €080y — Fpy €OSS¢yp + Fig =0

1y =1 Fpy €080y +1y F oy €080y — g Fg + T (7-4)
I, _ZFIF;fFl COSS _leF;/«Fz COSS +IFSF;rS —Ts=0

The lateral and rotational motion equations of rear
sprung-mass are written as follows;

My (‘.’yz + sz¢2)= +E COSOcy + For Co8O, —SFy (7-5)
M, (\'/yz + vxz@)—Fle COSO g — F gy O8O, +SF, =0

1,9, :lm 'Fym +le 'Fsz _IRTSFR

.. (7-6)
1@, =1y, 'Fle =l 'Fsz + g SFp =0

The lateral and rotational motion equations of steering
system mass are written as follows;

M; (‘.}.\73 Va0 ) = +FyS cosds + FyST COS(&S + 5CF)_ S

(7-7)
M (‘.}y3 Vs )_ Flgcosds —Fg cod 8 + 8 )+ SF, =0

Iy = lmFys co8Jg ""lstysr coiﬁs +§CF)_ZFTSFF —Ts

(7-8)
15, _151Fys 08Ty _lstysr Coié‘s +§CF)+ZFTSFF +T5=0

Deploying the above equations, (7-1),(7-2),.....,(7-7),(7-
8), the matrix,(7-55), is given as shown in the Appendix.



YAW-GAIN PEAK CONTROL STUDY BY 7DOF
MODEL

Using the 7DOF model, parametric studies have been
carried out. Fig.4 shows a calculated result in the case of
the proverse compliance steer for the front and the
proverse compliance steer for the rear. The specification
is shown in Table 1 of the Appendix. There are two
peaks. One is at 0.3 or 0.4Hz and the other is at 2 or 3
Hz. It is considered that one comes from the natural
frequency of sprung mass and the other comes from that
of un-sprung mass. The numbers, 40, 60, 80, 100 show
the vehicle speed in km/h. It is observed that the yaw-
gain becomes maximum at 80 km/h in this case. Fig.5
shows a calculated result in the case of the proverse
compliance steer for the front and the “adverse
compliance steer for the rear”. Also, the specification is
shown in Table 1 of the Appendix. The yaw-gain peak at
80 km/h has become lower and the peak height order
has changed from 80, 100, 60, 40 km/h to 40, 60, 80,
100 km/h. Fig.6 shows, as a reference, a case where
damping factors are added to the steering system and
front suspension system of the case of Fig.4. In this case,
the yaw gain peak order becomes 100, 80, 60, 40 km/h.

Yaw rate40,60,80,100km/h

Magnitude (dB)
o

10
Frequency (Hz)

Fig.4 Yaw-gain of front proverse / Rear proverse
combination

Yaw rate40,60,80,100km/h
20 T —
100

Magnitude (dB)

10? 10" 10° 10
Frequency (Hz)

Fig.5 Yaw-gain of front proverse / Rear adverse
combination

Yaw rate40,60,80,100km/h

Magnitude (dB)

10’

Frequency (Hz)

Fig.6 A case where damping factors are added to the
steering/front  suspension system of the front
proverse/Rear proverse combination of Fig.4

DISCUSSION

As the 7DOF model has been subjected to linearization
boldly for finding the principle of fluctuation during
straight running, we should understand that only the
tendency and not the absolute value should be
discussed when we use this 7DOF model. Based upon
this understanding, the following discussion can be made.
The existence of the speed zone where the amplitude
becomes maximum is also confirmed by calculation as in
Fig.4. This is back-up data to the experiment result
shown in Fig.1. By changing the rear compliance steer
from proverse to adverse, the tendency has changed as
shown in Fig.5. This tendency appears more stable at
higher speed zone than lower speed zone. The peak at 3
or 4 Hz in Fig.4 disappeared and then a cave appeared
at 1 or 2 Hz zone. Judging from the eigen value analysis
(Fig.7) and the eigen vector analysis (Fig.8) done in the
previous paper®, the 1 or 2 Hz corresponds to the root C
that comes from the rear compliance and the 3 or 4 Hz
corresponds to the root D that comes from the front
compliance. Therefore the cave is considered to have
come from the adverse compliance steer of rear
suspension. By adding damping to the front suspension,
the peak at 80 km/h in Fig.4 has been lowered as shown
in Fig.6. In this case, the tendency shows that stability
reduces more at higher speed zone than lower speed
zone. This means that Fig.5 and Fig.6 have the opposite
tendency as explained in SAE 2001-01-3433"".
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Fig.7 Eigen value analysis of Fig.4 condition
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Fig.8 Eigen vector analysis of Fig.4 condition
CONCLUSION

The leading process of 7DOF model is explained and
examples of straight running analysis are shown. By
constructing such a linear motion equation, it is possible
to describe the bode diagram, to do eigen value analysis
and eigen vector analysis. This is very useful to
understanding the principle. As the existence of the
characteristic roots are previously known by eigen value
analysis, vehicle dynamics design focusing on the
influence of the root becomes possible. By the eigen
vector analysis, we can understand the constituents of
the phenomenon. Vehicle dynamics design based on the
principle is thus possible. The following have become
known;

1. Itis said generally that the vehicle stability will
decrease with an increase of vehicle speed.
However, strictly speaking, there are two other cases
where decrease at the speed zone and increase
occur simply with vehicle speed.

2. The cases due to the combination of front
compliance and rear compliance. The case that
decreases at a speed zone due to the larger front
compliance under the combination of front proverse
and rear proverse compliance steer. This disappears
by changing the rear compliance from proverse to
adverse, or increasing the damping of the steering
and front suspension system.
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APPENDIX

Here, | describe the continuous process referring to Fig.3,
Fig.3-1 in Appendix, on how to deploy the fundamental
equations led as (7-1),(7-2),(7-3),(7-4),(7-5),(7-6),(7-7)
and (7-8) for getting the matrix, (7-55). Firstly the relation
between the sprung-mass coordinate x-y ,the un-sprung
mass coordinates x,-y, and x,-y,. is described, secondly
the slip angle of tires is described, thirdly the side forces
of tires, fourthly the forces applied between sprung mass
and un-sprung mass, and then the process to reach the
matrix (7-55) is described.

1. THE RELATION BETWEEN THE SPRUNG-MASS
COORDINATE x-y AND THE UN-SPRUNG MASS
COORDINATES x,-y,



1-1. The relation between front un-spring mass and

sprung mass

0\
-+—Vy ’/‘P

Fig.9 The relation between the coordinate x-y and the
coordinates x,-y,

General equation between the coordinate x-y and the
coordinates x,-y, is written as follows;

X=X,C08SO0 —y,SIN0 . +X
{ 1 cr ~ N cr TXF (7-9,10)

Y =Y,0080 + X, SN0 + V.

They coordinates of P

.,P., and P, are shown as follows;

Vop1 = Vp Hp SN0y = Y+ 0 (7-11)
Yery =V +lpy SOy = yp +1py0¢p (7-12)
Vpsr = Vg FlpgSINOpp + g, SIN O = Yy + 1pg0r + 15,0 (7-13)
The relation between v, and v,, is shown as follows;

Ve :vy10055CF -V, — X0 (7-14-1)
Yy1 = (YF Ty, + xF(P)/COS Scr (7-14-2)

Here, we put c0SO, = 1;

Y =J>F+Vy+xF§b (7-15)

The relation between @,¢,,0.. and &, is shown as
follows;

P =)+ 0 (7-16)

(bs :¢+5CF +55 (7-18)

1-2. The relation between sprung mass and rear un-

spring mass
X
-—Vy
y S
Xz '/(P
Scr y R
Xe Pr2
9, Tv-"
La:

Vy2

Y2 Lz \ Vy

Fig.10 The relation between the coordinate x-y and the
coordinates x,-y,

General equation between the coordinate x-y and the
coordinates x,-y,is written as follows;

(7-19,20)

X=X, COSOcR — Vo SINOrp + Xp
Y =YC080cp + XpSINOcp + Vg

They coordinates of P,, and P,, are shown as follows;
Vopy =V H g SN0y & yp +1p - Oy (7-21)
Vory =Yg Hlgy SNy = Vi +13,004 (7-22)
The relation between v, and v,, is shown as follows;

Vr =V,,C0800 =V, — Xz (7-23-1)
vy = (j/R +v, o+ xR(/'))/cos5CR (7-23-2)
Here, we put cosd, ~1;

V,, = Vi +v, + X, (7-24)
The relation between ¢,p, and 5., is shown as follows;

@, =@+ Oy (7-25)



2. THE SIDE SLIP ANGLE OF TIRES

2-1. The side slip angle of front tires

The side slip angle of front tire is described as follows;

V.+1l..q
B, = tan~d 23 rrP3
vx3

~ (vy3 + IFT(by
Vi3

Where, the vy3 is written as follows from the relation
shown in Fig.9;

(7-26)

Vy3 = (J}F +vy + xF¢)005(5CF +85)+Ipsdcp +15205  (7-27-1)
Here, we put cos(0,, +J; )~ 1;
Vs = Vp +V, X0+ 00 + 5,0 (7-27-2)

Substituting Eq.(7-27-2) to v,, of Eq.(7-26) and Eq.(7-18)
to @, of Eq.(7-26) and putting v~ v, ;

Br = {J’r +v, + Xp+ ZF55CF + lszgs Lo+ lFT5CF + lFTgs} Ve

(7-26-1)

Rewriting the Eq.(2-26-1);

B = {yF +v, +(xF +ZFT)(P+(IF5 +IFT)5CF + Zsz +ZFT } Ve
(7-26-2)

2-2. The side slip angle of rear tire

The side slip angle of rear tire is written as follows;

ﬂR = tan’l {—vyz i lRT(bz}

Vi
~ (Vyz + g )/Vx

Substituting Eq.(7-24) to v,, of Eq.(7-28) and Eq.(7-25) to
@, of Eq.(7-28) and putting v, ~v,;

(7-28)

Br = {J"R v, + X+ Lerp + IRT5CR }/Vx

) . (7-29)
= {j}R v, + (xR + gy )(P + g Ocr }/Vx

3. THE SIDE FORCES OF TIRES

The side force of front tire is described as follows;

SF, ~ FC,f,
=FC, {J’F+V +(XF+IFT)§0+(ZFS+ZFT)5<F+ ISZ+IFT } Yy
(7-30)
The side force of rear tire is described as follows;
SF, = RC, f3,
(7-31)

=RC, {j’R +v, +(xR +IRT)¢+IRT5CR} Ve

4. RESTORING TORQUE, T., AT THE CONNECTING
POINT, P,,

Here, we put the torsional spring constant as K., and the
damping coefficient as D.then T is described as
follows;

Fs?

TFS = +KF55S + DFS '55 (7-32)

5. THE FORCES APPLIED BETWEEN SPRUNG
MASS AND UN-SPRUNG MASS

The front un-sprung mass is connected at P., and P,
with x., and x., of sprung mass and also at P, with
steering force input point x,. And, the rear un-sprung
mass is connected at P., and P., with X_, and X_, of
sprung mass. The forces applied at these connecting
points are given as the summation of the spring forces
that are the products of the lateral deflection and the
stiffness of the compliances and the damping forces that
are products of lateral deflection speed and the damping
co-efficient of the compliances. The forces are given as
follows;

FyFl = _(yPFlKFl + Ve 'DFl) (7-50)
Substituting Eq.(7-11) to Eq.(7-50);

o = _{(yp + g Ocr )KFI + (yF 1O )DFI} (7-50-1)



In the same manner;

Fsz = _{(yF +1py0cr )KFZ + (yF + lF25CF )DFZ} (7-51-1)

F
(7-52-1)

Fou = _{(J/R + 1O )KR + (J'/R + ZR15CR )DRl} (7-53-1)

Fopy = _{(J’R 120 )K o + (-)./R L0 )DRZ} (7-54-1)

6. THE DEPLOY OF THE FUNDAMENTAL
EQUATIONS

6-1. Equation of sprung mass for lateral motion in
the y-axis direction

Submitting Eq.(7-50-1),(7-51-1),(7-52-1),(7-53-1) and (7-
54-1) to Eq.(7-1);

M, +v,9)
( +1F1§CF)kF1 (yF +1F16‘CF)DF1
(y + 126 )krz (J’r +1p00r )DFZ (7-1-1)

(y +ZR1§CR) R1 (yR+lR156R) D
(y +1R250R) R2 (yR+1R250R)DR2

—We +lpsOer +15,0 + yDR)k 7(y1~' + lFs$CF +ls2552 + Vpr )Ds
0

Putting Vy=Vx,B ,then consolidating Eq.(7-1-1)

regarding ¢, 8,6¢cp.0cr.yryrYpr @Nd 5g;

M(VX,B +v,. 0+ vx(b)
~(Ip1Dpy + gDy + IpsDs Jocr
~(Iprkpy + Lpokps + lpsks )ocp
—(Ix1 D1 + [gaDg2 )ocr
~(Irikgy + Lrokg2 Vcr

~(Dpy + Dy + Dy )ip

(k) + kg + ke )y

—(Dgy + Dpy g

— (ks +kga )y

—Dgypr

—ksypr

~I5yDs05s

kS =0

(7-1-2)

Consolidating Eq.(7-1-2);

VST = _{(yF FgOcp + 15,05 + yDR)KS + (yF + ZFSSCF +15255 + .).}DR)'DS}

vagb+va,B
_(IFIDFI +1py Dy + 15 Dy )5‘(717

_(ZFlkFl ok + ks )SCF

_(ZRIDRI +ZR2DR2)5CR

- (lleRl + lekRz )5CR (7_1 _3)
_(DFI +DF2 +Ds)}.’F
- (kFl +kpy +ks )yF
- (DRI + DR2 ))"R

- (km +hkp, )yR
_DS.).}DR

—ksYpr

_ISZDSSS

—l,k6, =0

6-2. Equation of sprung mass for rotational motion
around the z-axis

Submitting Eq.(7-50-1),(7-51-1),(7-52-1),(7-53-1) and (7-
54-1) to Eq.(7-2);

1

{0 + L8 Yoy + (e + 180y )Ds |

~ X {( +1F25cp ()'/F +1F256F)DF2}

0 Vo + (5 )P

_xRZ{(yR +IR2§C[<') R2 (J’R +ZR1§CR RZ}

— X {(yF +1pgOcp +15, 0 +yDR)kS +(J"F +IFS56F +15253 +j’DR)DS}:
(7-2-1)

Consolidating Eq.(7-2-1) regarding ¢,5¢¢,5¢cg,yr,yg and
g,

1p

— (xp1ilp1Dp1 + Xpalpa Dra + XslpsDs Jocp
- (xFllFlkFl +Xpolpokpy + xglpsks )5CF
~(xp1Dpy + XpyDpa + x5Dg )y
—(Xpikpy + Xpokpa + xsks )y

— (xg1/R1DR1 + XRalga D2 )ocr

— (Xgilrikg1 + Xrolgokga )Ocr

— (Xgi1 D1 + Xr2Dr2 VDR

— (xgikgr + Xrakp2 )y pr

—xsDsypr

—xsksypr

—(xsl52D5 )05

— (xsl5oks )55 =0

(7-2-2)



6-3. Equation of front un-sprung mass for lateral
motion in the y,-axis direction

Submitting  Eq.(7-15),(7-16),(7-50-1) and (7-51-1) to
Eq.(7-3);
M (5 +9, +x,.6+v.6+v.50)

+ {(J’F S oy + (yF +1Ocr )DFI }COS Scr (7-3-1)
+ {(yF +1py0cp )sz + (yF +1py0cr D }COS§CF
+F,=0

Consolidating Eq.(7-3-1) regarding o, 8,6¢r,yr and dg
putting cosscp =1, vy = By ;

MFXF¢

+ M.

+MFVxB

+(MFVX +lF1DF1 +1F2DF2)5CF

+ (lFlkFl + lFZkFZ )5CF (7'3'2)
+ MFj}F

+(DF1 +DF2).).}F

+ (kFl +hp, )yF

+F,=0

Substituting Fys of Eq.(7-7) to Fys of (7-3-2);

Mpxpp

+Mpv,g

+Mpv, B

+(M vy + Lp\ Dy + 12 Dy )

+ Uik +1paK 2 )ocr

+Mpyp

+(Dp1 + Dpa Jig

+(epey + ko )y

+ {MS<\'/y3 + vx3qb3)— Fisr cos(5S + 5CF)+ SFF}/COS5S =0
(7-3-3)

Substituting SF, of Eq.(7-30) to Eq.(7-3-3);

MFXF¢
+Mpvyo
+MFVX,B
+(MFVX +1p Dy + 15y Dy )SCF
+(Lpikpy +Lpsks )3
+Mpyp
+(Dy, +DF2))"F
+(kFl +kp, )yF
+[M (‘})’3 + Vx3¢3)_ Fysr Cos(as + 5CF)
+FC, {j/F R o A (A e (S }/vx]/cosds
=0
(7-3-4)

Substituting Eq.(7-27) to v, ,Eq.(7-18) to ¢, and Eq.(7-
51-1) to F ,, of Eq.(7-3-4);

Mpx.¢
+Mpv.9
+MFVx/B
+ (Mva +1p Dy +11,Dpy )5CF
+ (lmkm +pokpy )5(*1-"
+ My
+ (Dm +Dp, )J’F
+ (kFl +kp, )J’F
+[M (J’F TV, txp P+ lFS‘.S:CF + 15255 FVap+ szgm + sz‘s‘s)
+ {(J’F g8 + 15285 + v s + (J’F g0 +15205 + Yy )Ds }005(55 +Scr)
+ FC i +v, + (50 + 1 )+ (s + Loy Vo + (g + 1,0 )5 /v, 1/ cos 5
=0
(7-3-5)

Consolidating Eq.(7-3-5) putting v, ~ v,,, cos§g= 1,
cos(r +5cp) = 1, then putting v, = v, 3 , that is,

1.}y :‘}xﬁ""}xﬂ ~ Vxﬂ ;

(MF +MS)XF¢
+{(MF +Ms)"x +(xF +lFT)FCP /Vx}¢
+(MF +Ms)"xﬁ
+FC,pB
+MSZF350F
+{(MF +M )Vx 1Dy + 13Dy + 1Dy +FCP(1FS +ZFT)/V.\: }5CF
+(lFlkFl Flprkpy + sk )5CF
+ (M + M)y,
+(Dyy +Dpy + Dy + FC, /v, )y s
+(kFl +kp, +kS)yF
+M31s25s
+{M5Vx +15,Ds +FCP(Zsz +lFT)/vx }é‘s
+1,kg6
=—Dgypr —ks Ve
(7-3-6)



6-4. Equation of front un-sprung mass for rotational
motion around the z,-axis

Substituting Eq.(7-16),(7-50-1),(7-51-1) and (7-32) to
Eq.(7-4);

Iy (¢+5CF)

+1p {(yF +1p O )kFl + (yF +ZF15CF )DFI }Cosch
+1p, {(J’F +1pyOcr )sz + (J’F + ZFZSCF )‘DFZ }COS Ocr
- (kF555 + DFSé.‘S)

+1F5Fys =0

(7-4-1)

Consolidating Eq.(7-4-1) putting cosdcr = 1, cosdeg = 1;

1.9

+ IF5CF

+ (IIZTIDFI +17,Dp, )501r

+ (ll%‘lkFl + ks )5CF

+ (I Dy + 12Dy ) (7-4-2)
+ (lFlkFl + lekFZ)yF

- DFS5S

- szé‘s

+lpFs =0

Substituting Fys of Eq.(7-7) to Fys of Eq.(7-4-2);

1:¢

+ 1F5CF

+ (léan + l;1DFz .CF

+(l;1kF1 +l;1sz CF

+(1F1DF1 +IF1DF2))>F

+ (lFlkFl +lpikp, )yF

_DFS5S

_szé‘s

+ 1y {MS (\'/_v3 +vx3(p3)—FyST 005(55 + 5CF)+ SF. }/cosé‘s =0
(7-4-3)

Substituting Eq.(7-30) to SF, of Eq.(7-4-3) ;

1.¢

+ IFSCF

+(2,D,, + 12D, )50

(ll%“lkl-‘l +ll-2"1kFZ)5CF

(IFIDFI +lF]DF2 )}F

+ (lFlkFl ki, )yF

~ D6

— kO

1 [M (6,5 +v 35, )~ Fop cos(Ss + 8 )

+FC,,{3>F v, + (e 1 )0+ (L + 1y )0 + (s, +1pr)5s}/",r]/COS5s =0
(7-4-4)

+
+

Submitting F ¢, of Eq.(7-52-1) to V,, and ¢, of Eq.(7-52-1);

I

+1,8,,

23Dy, + 11,01 By

+(l;1km + ks )5cr

+(1F1DF1 +lFlDF2 j)F

Jr(lFlkFl +lpkp, )J’F

_DFSé‘S

_sz‘Ss

+lpg[Mg (J’F +v, +xF¢+lF55:CF Jrlszgs +vx3¢+vx36‘CF +Vx35‘s)

+ {(yp 18 + 15,86 + v N +(yp 1B +1,05 + Ipp )DS }cos(é‘s +8,)

+FCP{)>F R O (S +IFT)55}/VX]/COS§S =0
(7-4-5)

Consolidating Eq.(7-4-5) putting v,; = v,, cosds
~1,cos(8 +5¢r) = 1,v, =v, 8, Thatis,v, =V, B+v. B~ v, B;

(I, +15x, Mg )p

+ {IFSVXMS +lps (xF +lpy )FCI’ /Vx}(b

+ (IF +IiM )5@.

+ {lleﬂ +l1%'zDF2 +l1%'st Flpgx Mg + g (ZFS +ipy )FCP /v, }501:
+ (lfz‘lkﬂ + 1ok + Lk )505

My

+ (ZFIDFI +lpyDpy + 1 Ds + 1 FC) /V,Y)J"F

+ (Zl-‘lkl-‘l +lpokpy + 1Dy )yF

+1F5152M555

+ {IFSMSVx +lpsls, D + (lsz +lpy )FCI’ /v, _DFS}é"S
+ (lFslszks - sz )55

+lpgv M

+1 FC,p

=l DsYpr —lpsks Yo
(7-4-6)



6-5. Equation of rear un-sprung mass for lateral
motion in the y -axis direction

Submitting Eq.(7-24),(7-25),(7-53-1),(7-54-1) and (7-31)
to Eq.(7-5);

MR(J.}.R +‘>y +xR¢+Vx¢+Vx50R)

+ {(yD +p g )km +(yR +ZR15CR RI}COS5CR

+ {(yD +ZR25CR )kRZ +(j}R +ZR25CR )DR2 }COS5CR
+RCP{J>R T, +(xR +lRT)¢+lRT5CR }/Vx =0

(7-5-1)

Consolidating Eq.(7-5-1) putting cosécg = 1,v, =v,5;

Myxp ¢

+ {MRVx +RC)p (xR +ZRT)/VX }(0

+MvaIB

+RC,p

+ (Mva g Dy + 1y Dy + RCplyy /v, )SCR
+ (lmkm + gk, )5CR

+Mpyp

+ (DRI +Dpy, +RCp /Vx)yR

+ (le + kRZ)yR =0

(7-5-2)

6-6. Equation of rear un-sprung mass for rotational
motion around the z -axis

Submitting Eq.(7-25),(7-53-1),(7-54-1) and (7-31) to
Eq.(7-6);

146+ 8c)

+ ZRI {(yR + lR15CR )le + (yR + ZRlé‘CR )DRI }

+lp, {(yR + 1200k )kRZ + ()"R +lR25CR )DRZ}
+ZRTRCP{)>R +v, + (g + L )P+ L Op }/vx =0

(7-6-1)

Consolidating Eq.(7-6-1) putting v, =v, 4

1,

+1RTRCP('XR +1RT)/VX¢

+ 17 RC, B

+ 146
(1121 Dy +13, Dy +157RC, /v, )SCR
(21 + 2k,
( Dy, +1R2DR2 +1RTRCP /v, )yR
(leRl + gk )yR =0

(7-6-2)
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6-7. Equation of steering system mass for rotational
motion around the z_-axis

Substituting the reactive steering force F, of Eq.(7-7) to
of Eq.(7-8);

yST
15, —1,F, o7 COS(8g + Oy )+ Loy SE + T

=1l {MS(Vy3 +Vy3(03)_FyST C05(5s +5CF)+SFF}= 0
(7-8-1)

Consolidating Eq.(7-8-1);
Ispy =1 M, (Vy3 + VA3¢3) { yST 005(5 +0cp )}
+(LFT _ISI)SFF +TFS 0
(7-8-2)

Submitting Eq.(7-30) and Eq.(7-32) to SF, and T, of
Eq.(7-8-2);

Is¢ps — 1M, (Vys +V30; )+ (151 =15, ){Fysr COS(55 +0cp )}
+ (LFT =1l ){yF +v, + (xF e )(0 + (IFS +lpp )SCF + (152 e )53 }FCP /v,
+ (sz55 + DFSc?S): 0

(7-8-3)

Submitting Eq.(7-27) and (7-18) to v,, and F ¢, of Eq.(7-8-
3);

15(;‘/5+5'CF+5S)
—lSle(j}F +V, + X P+ LB + 1,0 +V 30+ 300 +vY355)
gy~ W0y + Lo +15385 + v g + (3 + LS + 1538 + 3 I feos(S + 8y )
+ (e +151){yF v, 4 (0 L )+ (s + 1 Yo + Uy +17 )5 }FC,,/vx
+ (k05 + Dy ) =0
(7-8-4)

Consolidating  Eq.(7-8-4)

~ vy, cos(8, + 6cp) ® 1;

putting

Vy = wh o, Vg

(15 _151xFM3)¢

+ {_151M3Vx +(IFT +1 )(xF +lFT)FCP v, }@
_lS1M3vxﬁ

+(ly +1g)FC, B

(I~ 140 osM, )0

+{ lyMyv, (51 lsz)lFst +(IFT +ISI)(IFS +lFT)FCP /Vx}scF
I — sz)lrsk Scr

-

Sl 3

(l sz)D +(1FT+ISI)FC /v }
ls — 52) sYr
(I —1g M)
{ [gMyv, (51 lsz)lszDs +(1FT +151)(lsz +lFT)FCP v, +DFS}SS
{ (51 sz)lszk +krs}5s
(151 sz) sVor + (l31 lSZ)kSyDR

+

~(
—1yM
-(

+ + o+

(7-8-5)



7. MATRIX OF THE DEPLOYED FUNDAMENTAL MOTION EQUATIONS

The deployed fundamental equations, that is, Eq.(7-2-2) for ¢, Eq.(7-1-3) for g, Eq.(7-4-6) for 6.7, Eq.(7-3-6) for y,,

Eq.(7-6-2) for &q;, EQ.(7-5-2) for y, and Eq.(7-8-5) for &,, are described with regard to the matrix as shown in

Eq.(7-55):
[ CIZDZ 0 CSID + C}() C41D + C4()
dllD leD d}lD + d}U d41D + d4()
e,D’ 0 e, D +ey,D + ey ey D + ey
-fiZDz +ﬁ1D .ﬂlD .f‘}lD+-f‘SU f42D2 +f41D+.f;l()
g,D* +g,D &2 0 0 gD + gD + g5
hp,D? +hy D hy,D + hy 0 0
L suD+ sy Sy D +5, $uD* +s,D+sy,  s,D° +s5,D+ s,

Where, “D “ is the differential calculus operator. The contents of c,, ...

‘=
(xFllFlDFl +Xpolpy Dy + Xl pg Dy )
C3 = (x Lpikpy + Xpolpakpy + X5l psk )
€y = (x 1Dy + X5y Dy + X5 D )
Ca = (x ke + Xpokpy + x5k )
(x i ri Dy +szlR2DR2)
(x Lrikpy +xR21R2kR2) (7-55-1)
(x 1Dy + Xps R2)
(lele T Xg) R2)
¢y =—Xglg, Dy
Cro = —Xslso kg
Cqy = +x¢Dy
s0 = +Xsk

(7-55)

CaD + ¢, D+ ¢y 4 _Cle + Cyo 1
dgD +dg, dyy D+ ¢y B dgy D + dy,
0 e71D + e7() 5('F eSlD + eXU
0 FuD + fr Ve | =| faD + fy
g61D + gﬁU 0 é‘('R 0
hy,D* + hey D + hy, 0 Vi 0
0 $pD? + 5, D+ 55 || O | | 5D+ 5y |
s,, are shown as follows;
My
My
(IFIDFI +1pyDpy + gDy )
_(lFlkFl +lpkp, +IFSkS)
_(DFI +Dpy +D )
(kFl +hp, +k )
= (I Dy, + 15, Dy,)
(7-55-2)
(lmkm + lekRz)
(DRI + D, )



ey =+, +1lx. Mg
e =+ M + 115 (xl-‘ +lpr )FCP /v,
€y =+ v, M
€y =+ FCp
ey, =+, +1;M,
€ = +l;1DF1 +l;2DF2 +I;SDS gy Mg +1 g (ZFS +lpr )FCP /v,
€3 = +l;1kFl +l;2kF2 +l;sks
€y =+ M
ey =+ Dpy +1pyDpy + 15D + 1, FCp /v,
€y = Hpkpy + gk, + ks
ey =+ pgle, Mg
ey =+l v My + 15l D +(lsz + )FCP /v,-D
€5 =+ pgls; Dy — kg
ey =~ Dy
ey =I5k
(7-55-3)
Ju= +(M +M )xF
Jio :+(MF +M5)Vx (xF +lFT)FCP/vx
S :+(MF +M5)Vx
Jr =+FC,
S =+l Mg
Su = +(MF + M )Vx +1p Dy + 15, Dpy + 1D + (ZFS +lpr )FCP /v,
Jro = Hpkpy + ek, + ks
Jo=+Mp +M;
Ju=+Dp +D, + D+ FC, /v
Jao =tkp ke, kg
S =+ M
Jn=+Myv +1,Dg + (152 + e )FCP v,
Jro =+ls,k
Jsi =+Dy
Jso =tk
(7-55-4)
gy =1y
8 = +lRT(xR +py )RCP /v,
o =+ RC,
85 =1y
2 2
851 =Hp Dy + 13Dy,
2 2
8so = Hp kg +1rok,
61 = D + 1 Dpy + 1, RCp v,
oo = Hlrikp +1gokp,
(7-55-5)
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by =xx M,
B =M v, +(xg + 10 )JRC, /v,
hy =My,
hy, =+RC,

hsy =M v, + 1Dy + 13Dy + 15 RCp /v, (7-55-6)

hso = +IR1kR1 +ZR2kR2

hsz =M,

hg =+Dy, + Dy, + RC, /v,
hso = +le + kR2

sy =+lg —lgx M,
10 =l Myv, +(lpr +151)(Xp +1FT)FCP /v,
Sy =l My,
20 = +(ZFT +1S1)FCP
Sy, =+ g =gl M,
Sy =AMy, =1 (lg —1gy )Dg + Ly + 1 Nl s + 1oy )JFCp /v,
S30 = _IFS(ISI —ls, )ks
Sy =1y M,
Sa = (lsl lsz) s+ (IFT +151)FCP/VX

Sy = (ISI lsz)
Sy =—lgls, M,
=) ISZ(ISI =l )Ds +(IFT +1g )(lsz +lpr )FCP /v, + Dgs

Sy ==l Myv, -

S70 = ZFS(I lsz)k + kg
(151 sz)Ds
(ls1 5z)k5

Fig.3-1 Details of 7DOF Model shown as Fig.3



SYMBOLS;

<CONSTANTS>

M : Sprung mass (kg)

M_ : Un-sprung mass of front suspension (kg)

M, : Un-sprung mass of rear suspension (kg)

Ms : Un-sprung mass of steering system around the king
pin (kg)

J :Yawing moment of inertia of sprung mass (kg-m°)

J- : Yawing moment of inertia of un-sprung mass of front
suspension (kg-m?)

J, : Yawing moment of inertia of un-sprung mass of rear
suspension (kg-m?)

J; : Moment of inertia of steering system around the king
pin (kg-m’)

X .. x value of the location of the front suspension gravity
center (m)

X, :x value of the location of front connecting point of
front suspension (m)
X., :xvalue of the location of rear connecting point of
front suspension (m)

X;: xvalue of the location of connecting point of steering
system (m)

X, : x value of the location of the rear suspension gravity
center (m)

X,, . x value of the location of front connecting point of
rear suspension (m)

X, . X value of the location of rear connecting point of

rear suspension (m)

I, - X, value of the location of front connecting point from
front suspension gravity center (m)

I, - X, value of the location of rear connecting point from
front suspension gravity center (m)

I.s - X, value of the location of king pin (m)

ls, © x, value of the location of king pin from steering

system gravity center (m)

ls, : X, value of the location of connecting point of steering
linkage (m)
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I X, value of the location of applying point of front side
force (m)

l., X, value of the location of front connecting point
from rear suspension gravity center (m)

I, :X,value of the location of rear connecting point from
rear suspension gravity center (m)

l.; X, value of the location of applying point of rear side
force (m)

FC, : Front cornering power(total of left and right)(N/rad)
RC. : Rear cornering power(total of left and right)(N/rad)

k., : Lateral stiffness of front connecting point of front
suspension(N/m)

k., : Lateral stiffness of rear connecting point of front
suspension(N/m)

k., : Lateral stiffness of front connecting point of rear
suspension(N/m)

k., : Lateral stiffness of rear connecting point of rear
suspension(N/m)
k, :Lateral stiffness of steering linkage(N/m)

D., : Damping coefficient of front connecting point of
front suspension(N/m/s)

D., : Damping coefficient of rear connecting point of front
suspension(N/m/s)

D., : Damping coefficient of front connecting point of rear
suspension(N/m/s)

D., : Damping coefficient of rear connecting point of rear
suspension(N/m/s)

D, : Damping coefficient of steering system(N/m/s)



<VARIABLES>

v, : x direction velocity of sprung mass(m/s)

X

v, @y direction velocity of sprung mass(m/s)

v,, . X, direction velocity of un-sprung mass of front

x1 *

suspension(m/s)

v,, -y, direction velocity of un-sprung mass of front
suspension(m/s)

v, : X, direction velocity of un-sprung mass of rear
suspension(m/s)

v, Y, direction velocity of un-sprung mass of rear

suspension(m/s)

v, : X, direction velocity of un-sprung mass of

steering(m/s)

Vs - Y, direction velocity of un-sprung mass of
steering(m/s)

B : Side slip angle of gravity center of sprung mass(rad)
¢ :Yawing angle at gravity center of sprung mass(rad)

B : Side slip angle of gravity center of un-sprung mass
of front suspension(rad)

¢, : Yawing angle at gravity center of un-sprung mass of
front suspension(rad)

5, : Side slip angle of gravity center of un-sprung mass
of rear suspension(rad)

¢, : Yawing angle at gravity center of un-sprung mass of
rear suspension(rad)

B, - Side slip angle of gravity center of un-sprung mass
of steering system(rad)
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@5 : Yawing angle at gravity center of un-sprung mass of
steering system(rad)

Scr - Compliance steer angle of un-sprung mass of front
suspension(rad)

Scr - Compliance steer angle of un-sprung mass of rear
suspension(rad)

8, 1 Compliance steer angle of un-sprung mass of
steering system to the front suspension(rad)

y- : Lateral compliance of front suspension(m)
y. : Lateral compliance of rear suspension(m)

F., : Lateral force between P, of front suspension and
Q., of sprung mass(N)

F .. : Lateral force between P, of front suspension and
Q,, of sprung mass(N)

F ., : Lateral force between P, of rear suspension and
Q. of sprung mass(N)

F .. : Lateral force between P, of rear suspension and
Q. of sprung mass(N)

F s - Restoring force between Pg; of steering system and
Q,; of sprung mass(N)

T.s : Restoring torque around the king pin center, P_,(N)
SF, : Front side force (Total of left and right)(N)
SF, : Rear side force (Total of left and right)(N)
DF, : Front drag force (Total of left and right)(N)
DF,, : Rear drag force (Total of left and right)(N)

CF, : Front cornering force (Total of left and right)(N)

CF,, : Rear cornering force (Total of left and right)(N)



TABLE 1 DATA USED IN CALCULATION OF FIG.4, FIG.5 AND FIG.6

Symbol Fig.4&6 Fig.5 Symbol Fig.4 Fig.6 Fig.5
M (kg) 1.3331E04 «— FC., (N/rad) 3.01E05 « “«—

M. (k@) 3.74E02 <« RC, (N/rad) 5.41E05 « «

M,  (kg) 1.400E03 « k.,  (N/m) 1.472E05 « 1.472E05*4
M, (kg) 5.00E02 <« K., (N/m) 1.472E05 « «
J (kg-m®) 2.11E05 «— Ko (N-m/rad) 0.0 «— «—

Jo (kg-m®) 2.442E02 <« K., (N/m) 5.992E05 « 2.089E05
J, (kg-m®) 1.094E03 «— K., (N/m) 2.599E06 « 9.349E05
WA (kg-m?) 1.77E02 «— K, (N/m) 1.4295E05 « «
X: (m) 4.13 «— D,, (N/m/s) 0.0 6.0E04 «
X, (m) 4.13+40.35 «— D, (N/m/s) 0.0 6.0E04 5.0E03
X, (m) 4.13-0.35 « D,  (N-m/rad/s) 1.0E04/5 “— “—

Xg (m) 4.13-0.165 «— D,, (N/m/s) 0.0 « 4.0E04
X, (m) -2.35 «— D., (N/m/s) 0.0 “«— 4.0E04
X, (m) -2.35+0.716 <« D, (N/m/s) 0.0 « «

Xep (m) -2.35+0.165 | -2.35-0.160

I, (m) 0.35 <~

I, (m) -0.35 «

Is (m) 0.0 <~

Iy, (m) -0.15 «

I, (m) -0.15-0.165 «

. (m) -0.15-0.04 «

L, (m) 0.716 «—

I, (m) 0.165 -0.160

I (m) 0.04 «
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