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ABSTRACT 

This paper concerns an introduction on how to lead the 7 
degrees of freedom (7DOF) model for understanding the 
vehicle-fluctuation during straight running. Despite the 
steering wheel being fixed at on-center by anchor rod 
connected to the floor, vehicle run with a very slow 
lateral fluctuation, of which amplitude is small but 
becomes  maximum at a certain speed zone, was 
observed by a vehicle test on a flat road of the proving 
ground. For understanding this phenomenon, I provided 
the motion equation of the 7DOF model. By analysis 
using the motion equation, the existence of a speed zone 
where the amplitude becomes maximum is confirmed. 
This appears when the rear  compliance steer is the 
proverse compliance steer and disappears by changing it 
to the adverse compliance steer. Where, the 
adverse/proverse compliance steer mean the 
characteristics of compliance steer that 
increase/decrease the side-slip angle versus the vector 
direction of the vehicle(1). 

INTRODUCTION 

I have explained the existence of fluctuation during 
straight running caused by the compliance of 
steering/suspension system in SAE 2001-01-3433(1) and 
confirmed the existence of a very slow yaw-peak of 
which frequency changes with vehicle speed by a vehicle 
test conforming to ISO/TR8726 in IMeCE2001/DE-
23259(2). The slow yawing coming from the angular 
velocity change of steering and front suspension was 
found by an eigen vector analysis using the 7DOF model 
analysis. This paper describes the leading process of the 
7DOF model equation whose description had been 
abridged because of the paper space limitation, and the 
existence of the speed zone where amplitude becomes 
maximum that appears when the rear compliance steer 
is the proverse compliance steer and disappears by 
changing it to the adverse compliance steer. 

REVIEW OF SAE 2000-01-3433 & 
IMECE2001/DE-23259 

A very low frequency vehicle fluctuation of which 
amplitude becomes maximum at 60 or 80 km/h is 
confirmed as shown in Fig.1(1). The test was done by a 
large sized bus fixing the steering wheel on center with 
anchor rod for avoiding the influence of steering wheel 
input. Fig.2(2) shows the yaw-gain tested in conformance 
with ISO/TR8726. The heave (low peak) is observed at 
the frequency zone from 0.1 to 0.3Hz. This low 
frequency corresponds to that of Fig.1. In order to 
understand this low frequency and its speed-
dependence characteristics, I provided the 7DOF vehicle 
model in considering the lateral and yawing motions of 
the sprung mass, front un-sprung mass, rear un-sprung 
mass and compliance at steering link, front suspension 
links and rear suspension links as shown in Fig.3(2) 

 

Fig.1 Vehicle fluctuation during straight running 
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Fig.2 Heave/Gain-Peek at the frequency zone 
from 0.1 Hz to 0.3Hz 

 

Fig.3 Vehicle Model 

 

MOTION EQUATION OF 7DOF MODEL 

In Fig.3, the x-y is the coordinate of the sprung mass, the 
mass of which is M and the inertia is I, moving at the 
speed V with the side slip angle β , and yawing velocityϕ& . 
The x1-y1 is the coordinate of the front un-sprung mass, 
the mass of which is MF and the inertia is IF, deviating yF 
and twisting CFδ  to x-axis caused by compliance 

spring/damping elements, KF1/DF1 and KF2/DF2 which exist 
in the suspension linkage connecting to the sprung 
mass,M.. The x3-y3 is the coordinate of the steering 
system mass, the mass of which is Ms and the inertia is 
Is, connected by king-pin at PFS to the x1 axis, and 
steered sδ  by the steering link connected to the sprung 

mass via compliance spring/damping element, Ks/Ds. 
The x2-y2 is the coordinate of the rear un-sprung mass, 
the mass of which is MR and the inertia is IR, deviating yR 
and twisting CRδ  to x-axis caused by compliance 

spring/damping elements, KR1/DR1 and KR2/DR2 which exist 
in the suspension linkage connecting to the sprung 
mass,M.. 

Ms/MR is moving at the speed Vs/VR with the side slip 
angle, RF ββ / . 

The lateral and rotational motion equations of sprung-
mass are written as follows; 

( )
( )     02121

2121

=++++++

−−−−−=+

ySTyRyRyFyFxy

ySTyRyRyFyFxy

FFFFFvvM
FFFFFvvM

ϕ

ϕ
&&

&&
       (7-1) 

  022112211

22112211

=+++++

−−−−−=

yRRyRRySTSyFFyFF

yRRyRRySTSyFFyFF

FxFxFxFxFxI

FxFxFxFxFxI

ϕ

ϕ
&&

&&
(7-2) 

The lateral and rotational motion equations of front 
sprung-mass are written as follows; 

( )
( )    0=coscos

coscos

21111

21111

ySCFyFCFyFxyF

ySCFyFCFyFxyF

FFFvvM

FFFvvM

+−−+

−++=+

δδϕ

δδϕ
&&

&&
(7-3) 

   0=coscos

coscos

22111

22111

FSySFSCFyFFCFyFFF

FSySFSCFyFFCFyFFF

TFlFlFlI

TFlFlFlI

−+−−

+−+=

δδϕ

δδϕ
&&

&&
(7-4) 

The lateral and rotational motion equations of rear 
sprung-mass are written as follows; 

( )
( )   0=coscos

coscos

21222

21222

RCRyRCRyRxyR

RCRyRCRyRxyR

SFFFvvM

SFFFvvM

+−−+

−++=+

δδϕ

δδϕ
&&

&&
 (7-5) 

   0=22112

22112

RRTyRRyRRR

RRTyRRyRRR

SFlFlFlI

SFlFlFlI

+⋅−⋅−

−⋅+⋅=

ϕ

ϕ
&&

&&
         (7-6) 

The lateral and rotational motion equations of steering 
system mass are written as follows; 

( ) ( )
( ) ( )    0=coscos

coscos

333

333

FCFSySTSySxyS

FCFSySTSySxyS

SFFFvvM

SFFFvvM

++−−+

−+++=+

δδδϕ

δδδϕ
&&

&&
(7-7) 

( )
( )   0=coscos

coscos

213

213

FSFFTCFSySTSSySSS

FSFFTCFSySTSSySSS

TSFlFlFlI

TSFlFlFlI

+++−−

−−++=

δδδϕ

δδδϕ
&&

&&
(7-8) 

Deploying the above equations, (7-1),(7-2),…..,(7-7),(7-
8), the matrix,(7-55), is given as shown in the Appendix. 

Heave (Low peak) 
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YAW-GAIN PEAK CONTROL STUDY BY 7DOF 
MODEL 

Using the 7DOF model, parametric studies have been 
carried out. Fig.4 shows a calculated result in the case of 
the proverse compliance steer for the front and the 
proverse compliance steer for the rear. The specification 
is shown in Table 1 of the Appendix. There are two 
peaks. One is at 0.3 or 0.4Hz and the other is at 2 or 3 
Hz. It is considered that one comes from the natural 
frequency of sprung mass and the other comes from that 
of un-sprung mass. The numbers, 40, 60, 80, 100 show 
the vehicle speed in km/h. It is observed that the yaw-
gain becomes maximum at 80 km/h in this case. Fig.5 
shows a calculated result in the case of the proverse 
compliance steer for the front and the “adverse 
compliance steer for the rear”. Also, the specification is 
shown in Table 1 of the Appendix. The yaw-gain peak at 
80 km/h has become lower and the peak height order 
has changed from 80, 100, 60, 40 km/h to 40, 60, 80, 
100 km/h.  Fig.6 shows, as a reference, a case where 
damping factors are added to the steering system and 
front suspension system of the case of Fig.4. In this case, 
the yaw gain peak order becomes 100, 80, 60, 40 km/h. 

 
Fig.4 Yaw-gain of front proverse / Rear proverse 
combination 

 
Fig.5 Yaw-gain of front proverse / Rear adverse 
combination 

 
Fig.6 A case where damping factors are added to the 
steering/front suspension system of the front 
proverse/Rear proverse combination of Fig.4 

 

DISCUSSION 

As the 7DOF model has been subjected to linearization 
boldly for finding the principle of fluctuation during 
straight running, we should understand that only the 
tendency and not the absolute value should be 
discussed when we use this 7DOF model. Based upon 
this understanding, the following discussion can be made. 
The existence of the speed zone where the amplitude 
becomes maximum is also confirmed by calculation as in 
Fig.4. This is back-up data to the experiment result 
shown in Fig.1. By changing the rear compliance steer 
from proverse to adverse, the tendency has changed as 
shown in Fig.5. This tendency appears more stable at 
higher speed zone than lower speed zone. The peak at 3 
or 4 Hz in Fig.4 disappeared and then a cave appeared 
at 1 or 2 Hz zone. Judging from the eigen value analysis 
(Fig.7) and the eigen vector analysis (Fig.8) done in the 
previous paper(2), the 1 or 2 Hz corresponds to the root C 
that comes from the rear compliance and the 3 or 4 Hz 
corresponds to the root D that comes from the front 
compliance. Therefore the cave is considered to have 
come from the adverse compliance steer of rear 
suspension. By adding damping to the front suspension, 
the peak at 80 km/h in Fig.4 has been lowered as shown 
in Fig.6. In this case, the tendency shows that stability 
reduces more at higher speed zone than lower speed 
zone. This means that Fig.5 and Fig.6 have the opposite 
tendency as explained in SAE 2001-01-3433(1). 
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Fig.7 Eigen value analysis of Fig.4 condition 

 
Fig.8 Eigen vector analysis of Fig.4 condition  

CONCLUSION 

The leading process of 7DOF model is explained and 
examples of straight running analysis are shown. By 
constructing such a linear motion equation, it is possible 
to describe the bode diagram, to do eigen value analysis 
and eigen vector analysis. This is very useful to 
understanding the principle. As the existence of the 
characteristic roots are previously known by eigen value 
analysis, vehicle dynamics design focusing on the 
influence of the root becomes possible. By the eigen 
vector analysis, we can understand the constituents of 
the phenomenon. Vehicle dynamics design based on the 
principle is thus possible. The following have become 
known; 

1. It is said generally that the vehicle stability will 
decrease with an increase of vehicle speed. 
However, strictly speaking, there are two other cases 
where decrease at the speed zone and increase 
occur simply with vehicle speed. 

2. The cases due to the combination of front 
compliance and rear compliance. The case that 
decreases at a speed zone due to the larger front 
compliance under the combination of front proverse 
and rear proverse compliance steer. This disappears 
by changing the rear compliance from proverse to 
adverse, or increasing the damping of the steering 
and front suspension system. 
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APPENDIX 

Here, I describe the continuous process referring to Fig.3, 
Fig.3-1 in Appendix, on how to deploy the fundamental 
equations led as (7-1),(7-2),(7-3),(7-4),(7-5),(7-6),(7-7) 
and (7-8) for getting the matrix, (7-55). Firstly the relation 
between the sprung-mass coordinate x-y ,the un-sprung 
mass coordinates x1-y1 and x2-y2. is described, secondly 
the slip angle of tires is described, thirdly the side forces 
of tires, fourthly the forces applied between sprung mass 
and un-sprung mass, and then the process to reach the 
matrix (7-55) is described. 

1. THE RELATION BETWEEN THE SPRUNG-MASS 
COORDINATE x-y AND THE UN-SPRUNG MASS 
COORDINATES x1-y1 
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1-1. The relation between front un-spring mass and 
sprung mass 

 
Fig.9 The relation between the coordinate x-y and the 
coordinates x1-y1 

General equation between the coordinate x-y and the 
coordinates x1-y1 is written as follows; 





++=
+−=

FCFCF

FCFCF

yxyy
xyxx

δδ
δδ

sincos
sincos

11

11
                      (7-9,10) 

They coordinates of PF1,PF2 and PST are shown as follows; 

CFFFCFFFPF lylyy δδ 111 sin +≈+=                    (7-11) 

CFFFCFFFPF lylyy δδ 222 sin +≈+=                   (7-12) 

SSCFFSFSSCFFSFPST llyllyy δδδδ 22 sinsin ++≈++=       (7-13) 

The relation between vy and vy1 is shown as follows; 

ϕδ && FyCFyF xvvy −−= cos1                                (7-14-1) 

( ) CFFyFy xvyy δϕ cos1 && ++=                    (7-14-2) 

Here, we put 1cos ≈CFδ ; 

ϕ&& FyFy xvyy ++=1                                     (7-15) 

The relation between CFδϕϕ ,, 1  and sδ is shown as 

follows; 

CFδϕϕ &&& +=1                                                            (7-16) 

SCF δδϕϕ &&&& ++=3                                                  (7-18) 

1-2. The relation between sprung mass and rear un-
spring mass 

 

Fig.10 The relation between the coordinate x-y and the 
coordinates x1-y1 

General equation between the coordinate x-y and the 
coordinates x2-y2 is written as follows; 





++=
+−=

 sincos
 sincos

22

22

RCRCR

RCRCR
yxyy
xyxx

δδ
δδ

               (7-19,20) 

They coordinates of PR1 and PR2 are shown as follows; 

CRRRCRRRPF lylyy δδ ⋅+≈+= 112 sin                   (7-21) 

CRRRCRRRPR lylyy δδ 222 sin +≈+=                     (7-22) 

The relation between vy and vy2 is shown as follows; 

ϕδ && RyCRyR xvvy −−= cos2                                (7-23-1) 

( ) CRRyRy xvyv δϕ cos2 && ++=                               (7-23-2) 

Here, we put 1cos ≈CRδ ; 

ϕ&& RyRy xvyv ++=2                                                (7-24) 

The relation between 2,ϕϕ  and CRδ  is shown as follows; 

CRδϕϕ &&& +=2                                                            (7-25) 
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2. THE SIDE SLIP ANGLE OF TIRES 

2-1. The side slip angle of front tires 

The side slip angle of front tire is described as follows; 

( )
3

33

3

331

     

tan

x

FTy

x

FTy
F

v
lv

v
lv

ϕ

ϕ
β

&

&

+
≈







 +

= −

                                       (7-26) 

Where, the vy3 is written as follows from the relation 
shown in Fig.9; 

( ) ( ) SSCFFSSCFFyFy llxvyv δδδδϕ &&&& 23 cos +++++=     (7-27-1) 

Here, we put ( ) 1cos ≈+ SCF δδ ; 

SSCFFSFyFy llxvyv δδϕ &&&& 23 ++++=                 (7-27-2) 

Substituting Eq.(7-27-2) to vy3 of Eq.(7-26) and Eq.(7-18) 
to 3ϕ&  of Eq.(7-26) and putting vx3≈ vx  ; 

{ } xSFTCFFTFTSSCFFSFyFF vllllxvy δδϕδδϕβ &&&l&&&& +++++++≈ 2

(7-26-1) 

Rewriting the Eq.(2-26-1); 

( ) ( ) ( ){ } xSFTSCFFTFSFTFyFF vlllllxvy δδϕβ &&&& +++++++≈ 2  

(7-26-2) 

2-2. The side slip angle of rear tire 

The side slip angle of rear tire is written as follows; 

( ) xRTy

x

RTy
R

vlv
v
lv

22

2

221tan

ϕ

ϕ
β

&

&

+≈






 +

= −

                                       (7-28) 

Substituting Eq.(7-24) to vy2 of Eq.(7-28) and Eq.(7-25) to 

2ϕ& of Eq.(7-28) and putting  vx2≈vx; 

 

{ }
( ){ } xCRRTRTRyR

xCRRTRTRyRR

vllxvy

vllxvy

δϕ

δϕϕβ
&&&

&&&&

++++=

++++=

     
             (7-29) 

3. THE SIDE FORCES OF TIRES 

The side force of front tire is described as follows; 

( ) ( ) ( ){ } xSFTSCFFTFSFTFyFP

FPF

vlllllxvyFC

FCSF

δδϕ

β
&&&& +++++++=

≈

2      
 (7-30) 

The side force of rear tire is described as follows; 

( ){ } xCRRTRTRyRP

RPR

vllxvyRC

RCSF

δϕ

β
&&& ++++=

≈

      
    (7-31) 

4. RESTORING TORQUE, TFS AT THE CONNECTING 
POINT, PFS 

Here, we put the torsional spring constant as KFS and the 
damping coefficient as DFS,then TFS is described as 
follows; 

SFSSFSFS DKT δδ &⋅++=
                                        (7-32) 

5. THE FORCES APPLIED BETWEEN SPRUNG 
MASS AND UN-SPRUNG MASS 

The front un-sprung mass is connected at PF1 and PF2 
with xF1 and xF2 of sprung mass and also at PST with 
steering force input point xS. And, the rear un-sprung 
mass is connected at PR1 and PR2 with XR1 and XR2 of 
sprung mass. The forces applied at these connecting 
points are given as the summation of the spring forces 
that are the products of the lateral deflection and the 
stiffness of the compliances and the damping forces that 
are products of lateral deflection speed and the damping 
co-efficient of the compliances. The forces are given as 
follows; 

( )11111 FPFFPFyF DyKyF ⋅+−= &
                             (7-50) 

Substituting Eq.(7-11) to Eq.(7-50); 

( ) ( ){ }11111 FCFFFFCFFFyF DlyKlyF δδ && +++−=
    (7-50-1) 
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In the same manner; 

( ) ( ){ }22222 FCFFFFCFFFyF DlyKlyF δδ && +++−=
      (7-51-1) 

( ) ( ){ }SDRSSCFFSFSDRSSCFFSFyST DyllyKyllyF &&&& +++++++−= δδδδ 22

   (7-52-1) 

( ) ( ){ }1111 RCRRRRCRRRyR DlyKlyF δδ && +++−=
       (7-53-1) 

( ) ( ){ }22222 RCRRRRCRRRyR DlyKlyF δδ && +++−=
      (7-54-1) 

6. THE DEPLOY OF THE FUNDAMENTAL 
EQUATIONS 

6-1. Equation of sprung mass for lateral motion in 
the y-axis direction 

Submitting Eq.(7-50-1),(7-51-1),(7-52-1),(7-53-1) and (7-
54-1) to Eq.(7-1); 

( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
( ) ( )
0

222

2222

1111

2222

1111

=
+++−+++−

+−+−

+−+−

+−+−

+−+−

+

SDRSSCFFSFSDRSCFFSF

RCRRRRCRRR

RCRRRRCRRR

FCFFFFCFFF

FCFFFFCFFF

xy

Dyllykylly

Dlykly

Dlykly

Dlykly

Dlykly

vvM

&&&&

&&

&&

&&

&&

&&

δδδδ

δδ

δδ

δδ

δδ

ϕ

(7-1-1) 

Putting βxy vv = ,then consolidating Eq.(7-1-1) 

regarding DRRFCRCF yyy ,,,,, δδβϕ  and Sδ ; 

( )
( )
( )
( )
( )
( )
( )
( )
( )

02

2

21

21

21

21

2211

2211

2211

2211

=−
−

−
−

+−
+−

++−
++−

+−
+−

++−

++−

++

SSS

SSS

DRS

DRS

RRR

RRR

FSFF

FSFF

CRRRRR

CRRRRR

CFSFSFFFF

CFSFSFFFF

xxx

kl
Dl

yk
yD

ykk
yDD

ykkk
yDDD

klkl
DlDl

klklkl

DlDlDl

vvvM

δ
δ

δ
δ

δ

δ

ϕββ

&

&

&

&

&

&

&

&&&

                             (7-1-2) 

Consolidating Eq.(7-1-2); 

( )
( )
( )
( )
( )
( )
( )
( )

02

2

21

21

21

21

2211

2211

2211

2211

=−
−

−
−

+−
+−

++−
++−

+−
+−

++−

++−

+

SSS

SSS

DRS

DRS

RRR

RRR

FSFF

FSFF

CRRRRR

CRRRRR

CFSFSFFFF

CFSFSFFFF

xx

kl
Dl

yk
yD

ykk
yDD
ykkk
yDDD

klkl
DlDl

klklkl

DlDlDl

MvMv

δ
δ

δ
δ

δ

δ

βϕ

&

&

&

&

&

&

&

&&

                                   (7-1-3) 

6-2. Equation of sprung mass for rotational motion 
around the z-axis 

Submitting Eq.(7-50-1),(7-51-1),(7-52-1),(7-53-1) and (7-
54-1) to Eq.(7-2); 

( ) ( ){ }
( ) ( ){ }
( ) ( ){ }
( ) ( ){ }

( ) ( ){ } 022

21222

11111

22222

11111

=+++++++−

+++−

+++−

+++−

+++−

SDRSSCFFSFSDRSSCFFSFs

RCRRRRCFRRR

RCRRRRCRRRR

FCFFFFCFFFF

FCFFFFCFFFF

Dyllykyllyx

Dlyklyx

Dlyklyx

Dlyklyx

Dlyklyx

I

&&&&

&&

&&

&&

&&

&&

δδδδ

δδ

δδ

δδ

δδ

ϕ

(7-2-1) 

 Consolidating Eq.(7-2-1) regarding RFCRCF yy ,,,, δδϕ  and 

Sδ ; 

( )
( )
( )
( )
( )
( )
( )
( )

( )
( ) 02

2

2211

2211

222111

222111

2211

2211

222111

222111

=−
−

−
−

+−
+−

+−
+−

++−
++−

++−
++−

SSSS

SSSS

DRSS

DRSS

DRRRRR

DRRRRR

CRRRRRRR

CRRRRRRR

FSSFFFF

FSSFFFF

CFSFSSFFFFFF

CFSFSSFFFFFF

klx
Dlx

ykx
yDx

ykxkx
yDxDx
klxklx
DlxDlx

ykxkxkx
yDxDxDx
klxklxklx
DlxDlxDlx

I

δ
δ

δ
δ

δ
δ

ϕ

&

&

&

&

&

&

&&

    (7-2-2) 
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6-3. Equation of front un-sprung mass for lateral 
motion in the y1-axis direction 

Submitting Eq.(7-15),(7-16),(7-50-1) and (7-51-1) to 
Eq.(7-3); 

( )
( ) ( ){ }
( ) ( ){ }

0
cos

cos

2222

1111

=+
++++

++++

++++

ys

CFFCFFFFCFFF

CFFCFFFFCFFF

CFxxFyFF

F
Dlykly

Dlykly

vvxvyM

δδδ

δδδ

δϕϕ

&&

&&

&&&&&&&

     (7-3-1) 

Consolidating Eq.(7-3-1) regarding FCF y,,, δβϕ  and Sδ   

putting CFδcos ≈1, VXYv β=  ; 

( )
( )

( )
( )

0
21

21

2211

2211

=+
++
++

+
++

+++

+

+

yS

FFF

FFF

FF

CFFFFF

CFFFFFxF

xF

xF

FF

F
ykk
yDD

yM
klkl

DlDlvM

vM

vM
xM

&

&&

&

&

&

&&

δ
δ

β

ϕ
ϕ

                        (7-3-2) 

Substituting Fys of Eq.(7-7) to Fys of (7-3-2); 

( )
( )

( )
( )

( ) ( ){ } 0cos/cos333

21

21

2211

2211

=++−++
++
++

+

++
+++

+

+

SFCFSySTxyS

FFF

FFF

FF

CFFFFF

CFFFFFxF

xF

xF

FF

SFFvvM
ykk
yDD

yM
Klkl

DlDlvM

vM

vM
xM

δδδϕ

δ
δ

β

ϕ
ϕ

&&

&

&&

&

&

&

&&

  (7-3-3) 

Substituting SFF of Eq.(7-30) to Eq.(7-3-3); 

( )
( )

( )
( )

( ) ( )
( ) ( ) ( ){ }

0

cos/]/

cos[

2

333

21

21

2211

2211

=

++++++++

+−++
++
++

+
++

+++

+

+

SxSFTSCFFTFSFTFyFP

CFSySTxyS

FFF

FFF

FF

CFFFFF

CFFFFFxF

xF

XF

FF

vlllllxvyFC

FvvM
ykk
yDD

yM
klkl

DlDlvM

vM

vM
xM

δδδϕ

δδϕ

δ
δ

β

ϕ
ϕ

&&&&

&&

&

&&

&

&

&

&&

(7-3-4) 

Substituting Eq.(7-27) to vy3 ,Eq.(7-18) to 3ϕ  and Eq.(7-

51-1) to FyST of Eq.(7-3-4); 

( )
( )

( )
( )

( )
( ) ( ){ } ( )

( ) ( ) ( ){ }
0

cos/]/

cos

[

2

22

3332

21

21

2211

2211

=

++++++++

+++++++++

++++++++

++
++

+
++

+++

+

+

SxSFTSCFFTFSFTFyFP

CFSSDRSSCFFSFSDRSSCFFSF

SxCFxxSSCFFSFyFS

FFF

FFF

FF

CFFFFF

CFFFFFxF

xF

xF

FF

vlllllxvyFC

Dyllykylly

vvvllxvyM

ykk
yDD

yM
klkl

DlDlvM

vM

vM
xM

δδδϕ

δδδδδδ

δδϕδδϕ

δ
δ

β

ϕ
ϕ

&&&&

&&&&

&&&&&&&&&&&&

&

&&

&

&

&

&&

(7-3-5) 

Consolidating Eq.(7-3-5) putting vx3  ≈ vx,, Sδcos ≈ 1, 

( )CFF δδ +cos  ≈ 1, then putting βxy vv = , that is, 

ββ &&& xxy vvv +=  ≈ β&xv  ; 

 
( )

( ) ( ){ }
( )

( ) ( ){ }
( )
( )
( )
( )

( ){ }

DRSDRS

SSs

SxFTSPSSxS

SSS

FSFF

FxPSFF

FSF

CFSFSFFFF

CFxFTFSPSFSFFFFxSF

CFFSS

P

xSF

xPFTFxSF

FSF

ykyD
kl

vllFCDlvM

lM

ykkk
yvFCDDD

yMM
klklkl

vllFCDlDlDlvMM

lM

FC
vMM

vFClxvMM
xMM

−−=
+

++++

+

+++
++++

++
+++

+++++++

+

+
++

++++
+

&

&

&&

&

&&

&

&&

&

&

&&

δ
δ

δ

δ
δ

δ

β
β

ϕ
ϕ

2

22

2

21

21

2211

2211

/

/

/

/

 
(7-3-6) 
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6-4. Equation of front un-sprung mass for rotational 
motion around the z1-axis 

Substituting Eq.(7-16),(7-50-1),(7-51-1) and (7-32) to 
Eq.(7-4); 

( )
( ) ( ){ }
( ) ( ){ }

( )
0

cos

cos

22222

11111

=+
+−

++++

++++

+

ySFS

SFSSFS

CFFCFFFFCFFFF

CFFCFFFFCFFFF

CFF

Fl
Dk

Dlyklyl

Dlyklyl

I

δδ

δδδ

δδδ

δϕ

&

&&

&&

&&&&

        (7-4-1) 

Consolidating Eq.(7-4-1) putting CFδcos  ≈ 1, CRδcos  ≈ 1; 

( )
( )
( )
( )

0

2211

2211

2
2

21
2

1

2
2

21
2

1

=+
−

−

++
++

++

++

+

ySFS

SFS

SFS

FFFFF

FFFFF

CFFFFF

CFFFFF

CFF

F

Fl
k

D

yklkl
yDlDl

klkl

DlDl

I

I

δ

δ

δ

δ

δ

ϕ

&

&

&

&

&&

&&

                                        (7-4-2) 

Substituting Fys of Eq.(7-7) to Fys of Eq.(7-4-2); 

( )
( )
( )
( )

( ) ( ){ } 0cos/cos333

2111

2111

2
2

11
2

1

2
2

11
2

1

=++−++
−
−

++

++

++

++

+

SFCFSySTxySFS

SFS

SFS

FFFFF

FFFFF

CFFFFF

CFFFFF

CFF

F

SFFvvMl
k
D

yklkl

yDlDl

klkl

DlDl

I

I

δδδϕ
δ
δ

δ

δ

δ

ϕ

&&

&

&

&

&&

&&

(7-4-3) 

Substituting Eq.(7-30) to SFF of Eq.(7-4-3) ; 

( )
( )
( )
( )

( ) ( )
( ) ( ) ( ){ } 0cos/]/

cos[

2

333

2111

2111

2
2

11
2

1

2
2

11
2

1

=++++++++

+−++
−
−

++

++

++

++

+

SxSFTSCFFTFSFTFyFP

CFSySTxySFS

SFS

SFS

FFFFF

FFFFF

CFFFFF

CFFFFF

CFF

F

vlllllxvyFC

FvvMl
k
D

yklkl

yDlDl

klkl

DlDl

I

I

δδδϕ

δδϕ
δ
δ

δ

δ

δ

ϕ

&&&&

&&

&

&

&

&&

&&

  (7-4-4) 

Submitting FyST of Eq.(7-52-1) to Vy3 and 3ϕ& of Eq.(7-52-1); 

( )
( )
( )
( )

( )
( ) ( ){ } ( )

( ) ( ) ( ){ } 0cos/]/

cos

[

2

22

3332

2111

2111

2
2

11
2

1

2
2

11
2

1

=++++++++

+++++++++

++++++++

−
−

++

++

++

++

+

SxSFTSCFFTFSFTFyFP

CFSSDRSSCFFSFSDRSSCFFSF

SxCFxxSSCFFSFyFSFS

SFS

SFS

FFFFF

FFFFF

CFFFFF

CFFFFF

CFF

F

vlllllxvyFC

Dyllykylly

vvvllxvyMl

k
D

yklkl

yDlDl

klkl

DlDl

I

I

δδδϕ

δδδδδδ

δδϕδδϕ

δ
δ

δ

δ

δ

ϕ

&&&&

&&&&&

&&&&&&&&&&&&

&

&

&

&&

&&

 (7-4-5) 

Consolidating Eq.(7-4-5) putting 3xv  ≈ xv , sδcos  

≈ 1, ( )CFs δδ +cos  ≈ 1, βxy vv = ,That is, ββ &&& xxy vvv +=  ≈ β&xv ; 

( )
( ){ }

( )
( ){ }

( )

( )
( )

( ){ }
( )

DRSFSDRSFS

PFS

SxFS

SFSSSFS

SFSxPFTSSSFSxSFS

SSSFS

FSFSFFFF

FxPFSSFSFFFF

FSFS

CFSFSFFFF

CFxPFTFSFSSxFSSFSFFFF

CFSFSF

xPFTFFSSxFS

SFFSF

yklyDl
FCl
Mvl

kkll
DvFCllDllvMl

Mll

yDlklkl
yvFClDlDlDl

yMl
klklkl

vFClllMxlDlDlDl

MlI

vFClxlMvl
MxlI

−−=
+
+

−+
−++++

+

+++
++++

+
+++

++++++

++

+++
+

&

&

&

&&

&

&&

&

&&

&

&&

β
β

δ
δ

δ

δ

δ

δ

ϕ
ϕ

2

22

2

2211

2211

2
2

2
21

2
1

2
2

2
21

2
1

2

/

/

/

/

(7-4-6) 
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6-5. Equation of rear un-sprung mass for lateral 
motion in the y2-axis direction 

Submitting Eq.(7-24),(7-25),(7-53-1),(7-54-1) and (7-31) 
to Eq.(7-5); 

( )
( ) ( ){ }
( ) ( ){ }

( ){ } 0/

cos

cos

2222

1111

=+++++

++++

++++

++++

xCRRTRTRyRP

CRRCRRRRCRRD

CRRCRRRRCRRD

CRxxRyRR

vllxvyRC

Dlykly

Dlykly

vvxvyM

δϕ

δδδ

δδδ

δϕϕ

&&&

&&

&&

&&&&&&&

     (7-5-1) 

Consolidating Eq.(7-5-1) putting CRδcos  ≈ 1, βxy vv = ; 

( ){ }

( )
( )

( )
( ) 0

/

/

/

21

21

2211

2211

=++
+++

+
++

++++

+
+

+++

RRR

RxPRR

RR

CRRRRR

CRxRTPRRRRxR

P

xR

xRTRPxR

RR

ykk
yvRCDD

yM
klkl

vlRCDlDlvM

RC
vM

vlxRCvM
xM

&

&&

&

&

&

&&

δ
δ

β
β

ϕ
ϕ

     (7-5-2) 

6-6. Equation of rear un-sprung mass for rotational 
motion around the z2-axis 

Submitting Eq.(7-25),(7-53-1),(7-54-1) and (7-31) to 
Eq.(7-6); 

( )
( ) ( ){ }
( ) ( ){ }

( ){ } 0/
22222

11111

=+++++

++++

++++

+

xCRRTRTRyRPRT

RCRRRRCRRRR

RCRRRRCRRRR

CRR

vllxvyRCl

Dlyklyl

Dlyklyl

I

δϕ

δδ

δδ

δϕ

&&&

&&

&&

&&&&

(7-6-1) 

Consolidating Eq.(7-6-1) putting βxy vv = ; 

( )

( )
( )
( )
( ) 0

/

/

/

2211

2211

2
2

21
2
1

2
2

2
21

2
1

=++

+++

++

+++

+

+
++

RRRRR

RxPRTRRRR

CRRRRR

CRxPRTRRRR

CRR

PRT

xRTRPRT

R

yklkl

yvRClDlDl

klkl

vRClDlDl

I

RCl
vlxRCl

I

&

&

&&

&

&&

δ

δ

δ

β
ϕ

ϕ

                (7-6-2) 

6-7. Equation of steering system mass for rotational 
motion around the z3-axis 

Substituting the reactive steering force FyST of Eq.(7-7) to 
FyST of Eq.(7-8); 

( )
( ) ( ){ } 0cos

cos

3331

23

=++−+−

+++−

FCFSySTyySS

FSFFTCFSySTSS

SFFvvMl

TSFlFlI

δδϕ

δδϕ
&&

&&
 

(7-8-1) 

Consolidating Eq.(7-8-1); 

( ) ( ) ( ){ }
( ) 0

cos

1

21333313

=+−+

+−++−

FSFSFT

CFSySTSSxySS

TSFlL

FllvvMlI δδϕϕ &&&

 (7-8-2) 

Submitting Eq.(7-30) and Eq.(7-32) to SFF and TRS of 
Eq.(7-8-2); 

( ) ( ) ( ){ }
( ) ( ) ( ) ( ){ }
( ) 0

/

cos

21

21333313

=++

+++++++−+

+−++−

SFSSFS

xPSFTSCFFTFSFTFyFSFT

CFSySTSSxySS

Dk

vFClllllxvylL

FllvvMlI

δδ

δδϕ

δδϕϕ

&

&&&&

&&&

(7-8-3) 

Submitting Eq.(7-27) and (7-18) to vy3 and FyST of Eq.(7-8-
3); 

( )
( )

( ) ( ) ( ){ } ( )
( ) ( ) ( ) ( ){ }
( ) 0

/

cos

21

2221

333231

=++

+++++++++

++++++++−−

+++++++−

++

SFSSFS

xPSFTSCFFTFSFTFyFSFT

CFSSDRSSCFFSFSDRSSCFFSFSS

SxCFxxSSCFFSFyFS

SCFS

Dk

vFClllllxvyll

Dyllykyllyll

vvvllxvyMl

I

δδ

δδϕ

δδδδδδ

δδϕδδϕ

δδϕ

&

&&&&

&&&&

&&&&&&&&&&&&

&&&&&&

(7-8-4)              

Consolidating Eq.(7-8-4) putting βxy vv = , 3xv  

≈ xv , ( )CFs δδ +cos  ≈ 1; 

( )
( )( ){ }

( )
( )

( ) ( )( ){ }
( )

( ) ( ){ }
( )
( )

( ) ( )( ){ }
( ){ }

( ) ( ) DRSSSDRSSS

SFSSSSS

SFSxPFTSSFTSSSSxS

SSSS

FSSS

FxPSFTSSS

FS

CFSFSSS

CFxPFTFSSFTSFSSSxS

CFFSSS

PSFT

xS

xPFTFSFTxS

FSS

ykllyDll
kklll

DvFCllllDlllvMl

MllI

ykll
yvFCllDll

yMl
klll

vFCllllDlllvMl

MllI

FCll
vMl

vFClxllvMl
MxlI

2121

221

2122131

321

21

121

31

21

12131

31

1

31

131

31

/

/

/

/

−+−=
+−−+

++++−−−+

−+

−−

++−−+
−

−−
+++−−−+

−+

++
−

+++−+
−

&

&

&&

&

&&

&

&&

&

&

&&

δ
δ

δ

δ
δ

δ

β
β

ϕ
ϕ

(7-8-5) 
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7. MATRIX OF THE DEPLOYED FUNDAMENTAL MOTION EQUATIONS 

The deployed fundamental equations, that is, Eq.(7-2-2) for ϕ& , Eq.(7-1-3) for β , Eq.(7-4-6) for CFδ , Eq.(7-3-6) for yF, 

Eq.(7-6-2) for CRδ , Eq.(7-5-2) for yR and Eq.(7-8-5) for sδ , are described with regard to the matrix as shown in 

Eq.(7-55);
 

DR

S

R

CR

F

CF

y

sDs

fDf
eDe
dDd
cDc

y

y

sDsDssDsDssDsDssDssDs
hDhDhhDhhDhDhDh

gDggDgDggDgDg
fDffDfDffDfDfDfDf
eDeeDeeDeDeDe
cDddDddDddDdDdDd
cDccDccDccDccDcDc





























+

+
+
+
+

=

























































++++++++
+++++

++++
+++++
++++
++++
+++++

8081

8081

8081

8081

8081

7071
2

724041
2

423031
2

3220211011

6061
2

625051202111
2

12

60615051
2

522011
2

12

70714041
2

4230312111
2

12

707140413031
2

32
2

12

70716061404130312111

70716061505140413031
2

12

0
0

00
000
000

00
000

0
0

δ

δ

δ
β
ϕ&

 

(7-55) 

Where, “D “ is the differential calculus operator.  The contents of c11 … s80 are shown as follows; 

 

( )
( )
( )
( )
( )
( )
( )
( )

SS

SS

SSS

SSS

RRRR

RRRR

RRRRRR

RRRRRR

SSFFFF

SSFFFF

SFSSFFFFFF

SFSSFFFFFF

kxc
Dxc
klxc
Dlxc

kxkxc
DxDxc

klxklxc
DlxDlxc
kxkxkxc
DxDxDxc

klxklxklxc
DlxDlxDlxc

Ic

+=
+=
−=
−=

+−=
+−=

+−=
+−=

++−=
++−=

++−=
++−=

=

80

81

270

271

221160

221161

22211150

22211151

221140

221141

22211130

22211131

11

    (7-55-1) 

( )
( )
( )
( )
( )
( )
( )
( )

S

S

SS

SS

RR

RR

RRRR

RRRR

SFF

SFF

SFSFFFF

SFSFFFF

x

x

kd
Dd
kld
Dld
kkd
DDd

klkld
DlDld
kkkd
DDDd

klklkld
DlDlDld

Mvd
Mvd

+=
+=
−=
−=

+−=
+−=

+−=
+−=

++−=
++−=

++−=
++−=

=
=

80

81

270

271

2160

2161

221150

221151

2140

2141

221130

221131

21

10

                (7-55-2) 
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( )

( )

( )

SFS

SFS

FSSSFS

FSxPFTSSSFSSxFS

SSFS

SFSFFFF

xPFSSFSFFFF

SFS

SFSFFFF

xPFTFSFSSxFSSFSFFFF

SFSF

PFS

SxFS

xPFTFFSSxFS

SFFSF

kle
Dle

kDlle
DvFCllDllMvle

Mlle
klklkle

vFClDlDlDle

Mle
klklkle

vFClllMvlDlDlDle

MlIe

FCle
Mvle

vFClxlMvle
MxlIe

−=
−=

−+=
−++++=

+=
+++=

++++=

+=
+++=

++++++=

++=

+=
+=

+++=
++=

80

81

270

2271

272

221140

221141

42

2
2

2
21

2
130

2
2

2
21

2
131

2
32

20

21

10

11

/

/

/

/

 (7-55-3) 

( )
( ) ( )
( )

( ) ( )

( )

S

S

SS

xPFTSSSxS

SS

SFF

PSFF

SF

SFSFFFF

xPFTFSSFSFFFFxSF

SFS

P

xSF

xPFTFxSF

FSF

kf
Df
klf

vFCllDlvMf
Mlf

kkkf
vFCDDDf

MMf
klklklf

vFCllDlDlDlvMMf
Mlf

FCf
vMMf

vFClxvMMf
xMMf

+=
+=
+=

++++=
+=

+++=
++++=

++=
+++=

+++++++=
+=
+=

++=
++++=

++=

80

81

270

2271

272

2140

2141

42

221130

221131

32

20

21

10

11

/

/

/

/

 (7-55-4) 

( )

221160

221161

2
2

21
2
150

2
2

21
2
151

52

20

10

11

/

/

RRRR

xPRTRRRR

RRRR

RRRR

R

PRT

xPRTRRT

R

klklg

vRClDlDlg

klklg

DlDlg

Ig
RClg

vRClxlg
Ig

++=

+++=

++=

++=

=
+=

++=
=

              

(7-55-5) 

( )

2160

2161

62

221150

221151

20

21

10

11

/

/

/

RR

xPRR

R

RRRR

xPRTRRRRxR

P

xR

xPRTRxR

xR

kkh
vRCDDh

Mh
klklh

vRClDlDlvMh
RCh
vMh

vRClxvMh
Mxh

++=
+++=

=
++=

+++=
+=

=
++=

=

     (7-55-6) 

( )( )

( )

( ) ( )( )
( )

( ) ( )
( )

( ) ( )( )
( )

( )
( ) SSS

SSS

FSSSSFS

FSxPFTSSFTSSSSxS

SS

SSS

xPSFTSSS

S

SSSFS

xPFTFSSFTSSSFSxS

FSSS

PSFT

xS

xPFTFSFTxS

FSS

klls
Dlls

kkllls
DvFCllllDlllvMls

Mlls
klls

vFCllDlls
Mls

kllls
vFCllllDlllvMls

MllIs
FClls

vMls
vFClxllvMls

MxlIs

2180

2181

2170

212123171

32172

2140

12141

3142

2130

1213131

3132

120

3121

13110

3111

/

/

/

/

−+=
−+=

+−−=
++++−−−=

−=
−−=

++−−=
−=

−−=
+++−−−=

−+=
++=

−=
+++−=

−+=

 (7-55-7) 

 

Fig.3-1 Details of 7DOF Model shown as Fig.3  
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SYMBOLS; 

<CONSTANTS> 

M   : Sprung mass (kg) 

MF    : Un-sprung mass of front suspension (kg) 

MR    : Un-sprung mass of rear suspension (kg) 

MS    : Un-sprung mass of steering system around the king 
pin (kg) 

J    : Yawing moment of inertia of sprung mass (kg-m2) 

JF   : Yawing moment of inertia of un-sprung mass of front 
suspension (kg-m2)  

JR    : Yawing moment of inertia of un-sprung mass of rear 
suspension (kg-m2) 

JS  : Moment of inertia of steering system around the king 
pin (kg-m2) 

x F : x value of the location of the front suspension gravity 
center (m) 

xF1 :x value of the location of front connecting point of 
front suspension (m) 

xF2  :x value of the location of rear connecting point of 
front suspension (m) 

xS: x value of the location of connecting point of steering 
system (m) 

xR : x value of the location of the rear suspension gravity 
center (m) 

xR1      : x value of the location of front connecting point of 
rear suspension (m) 

xR2 : x value of the location of rear connecting point of 
rear suspension (m) 

lF1 : x1 value of the location of front connecting point from 
front suspension gravity center (m) 

lF2 : x1 value of the location of rear connecting point from 
front suspension gravity center (m) 

lFS : x1 value of the location of king pin (m) 

lS1 : x3 value of the location of king pin from steering 
system gravity center (m) 

lS2 : x3 value of the location of connecting point of steering 
linkage (m) 

lFT: x3 value of the location of applying point of front side 
force (m) 

lR1    : x2 value of the location of front connecting point 
from rear suspension gravity center (m) 

lR2    : x2 value of the location of rear connecting point from 
rear suspension gravity center (m) 

lRT    : x2 value of the location of applying point of rear side 
force (m) 

FCP  : Front cornering power(total of left and right)(N/rad) 

RCP : Rear cornering power(total of left and right)(N/rad) 

kF1  : Lateral stiffness of front connecting point of front 
suspension(N/m) 

kF2  : Lateral stiffness of rear connecting point of front 
suspension(N/m) 

kR1  : Lateral stiffness of front connecting point of rear 
suspension(N/m) 

kR2  : Lateral stiffness of rear connecting point of rear 
suspension(N/m) 

kS    : Lateral stiffness of steering linkage(N/m) 

DF1  : Damping coefficient of front connecting point of 
front suspension(N/m/s) 

DF2  : Damping coefficient of rear connecting point of front 
suspension(N/m/s) 

DR1   : Damping coefficient of front connecting point of rear 
suspension(N/m/s) 

DR2  : Damping coefficient of rear connecting point of rear 
suspension(N/m/s) 

DS   : Damping coefficient of steering system(N/m/s) 
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<VARIABLES> 

vx     : x direction velocity of sprung mass(m/s) 

vy   : y direction velocity of sprung mass(m/s) 

vx1 : x1 direction velocity of un-sprung mass of front 
suspension(m/s) 

vy1 : y1 direction velocity of un-sprung mass of front 
suspension(m/s) 

vx2 : x2 direction velocity of un-sprung mass of rear 
suspension(m/s) 

vy2 : y2 direction velocity of un-sprung mass of rear 
suspension(m/s) 

vx3 : x3 direction velocity of un-sprung mass of 
steering(m/s) 

vy3 : y3 direction velocity of un-sprung mass of 
steering(m/s) 

β   : Side slip angle of gravity center of sprung mass(rad) 

ϕ   : Yawing angle at gravity center of sprung mass(rad) 

1β   : Side slip angle of gravity center of un-sprung mass 

of front suspension(rad) 

1ϕ  : Yawing angle at gravity center of un-sprung mass of 

front suspension(rad) 

2β  : Side slip angle of gravity center of un-sprung mass 

of rear suspension(rad) 

2ϕ  : Yawing angle at gravity center of un-sprung mass of 

rear suspension(rad) 

3β  : Side slip angle of gravity center of un-sprung mass 

of steering system(rad) 

3ϕ  : Yawing angle at gravity center of un-sprung mass of 

steering system(rad) 

CFδ  : Compliance steer angle of un-sprung mass of front 

suspension(rad) 

CRδ  : Compliance steer angle of un-sprung mass of rear 

suspension(rad) 

sδ  : Compliance steer angle of un-sprung mass of 

steering system to the front suspension(rad) 

yF   : Lateral compliance of front suspension(m) 

yR   : Lateral compliance of rear suspension(m) 

FyF1 : Lateral force between PF1 of front suspension and 
QF1 of sprung mass(N) 

FyF2 : Lateral force between PF2 of front suspension and 
QF2 of sprung mass(N) 

FyR1 : Lateral force between PR1 of rear suspension and 
QR1 of sprung mass(N) 

FyR2 : Lateral force between PR2 of rear suspension and 
QR2 of sprung mass(N) 

FyST : Restoring force between PST of steering system and 
QST of sprung mass(N) 

TRS  : Restoring torque around the king pin center, PFS(N) 

SFF : Front side force (Total of left and right)(N) 

SFR : Rear side force (Total of left and right)(N) 

DFF  : Front drag force (Total of left and right)(N) 

DFR  : Rear drag force (Total of left and right)(N) 

CFF  : Front cornering force (Total of left and right)(N) 

CFR  : Rear cornering force (Total of left and right)(N) 
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TABLE 1  DATA USED IN CALCULATION OF FIG.4, FIG.5 AND FIG.6 

Symbol Fig.4&6 Fig.5 Symbol Fig.4 Fig.6 Fig.5 

M        (kg) 1.3331E04 ← FCP (N/rad) 3.01E05 ← ← 

MF      (kg) 3.74E02 ← RCP (N/rad) 5.41E05 ← ← 

MR (kg) 1.400E03 ← kF1 (N/m) 1.472E05 ← 1.472E05*4

MS (kg) 5.00E02 ← kF2 (N/m) 1.472E05 ← ← 

J (kg-m2) 2.11E05 ← kFS (N-m/rad) 0.0 ← ← 

JF (kg-m2) 2.442E02 ← kR1 (N/m) 5.992E05 ← 2.089E05 

JR (kg-m2) 1.094E03 ← kR2 (N/m) 2.599E06 ← 9.349E05 

JS (kg-m2) 1.77E02 ← kST (N/m) 1.4295E05 ← ← 

xF (m) 4.13 ← DF1 (N/m/s) 0.0 6.0E04 ← 

xF1 (m) 4.13+0.35 ← DF2 (N/m/s) 0.0 6.0E04 5.0E03 

xF2 (m) 4.13-0.35 ← DFS (N-m/rad/s) 1.0E04/5 ← ← 

xS (m) 4.13-0.165 ← DR1 (N/m/s) 0.0 ← 4.0E04 

xR (m) -2.35 ← DR2 (N/m/s) 0.0 ← 4.0E04 

xR1 (m) -2.35+0.716 ← DST (N/m/s) 0.0 ← ← 

xR2 (m) -2.35+0.165 -2.35-0.160      

lF1 (m) 0.35 ←      

lF2 (m) -0.35 ←      

lFS (m) 0.0 ←      

lS1 (m) -0.15 ←      

lS2 (m) -0.15-0.165 ←      

lFT (m) -0.15-0.04 ←      

lR1 (m) 0.716 ←      

lR2 (m) 0.165 -0.160      

lRT (m) 0.04 ←      

 




